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2Ridge 1 regularization
Why use it?

We denote X P Rnˆp, y P Rn and β P Rp such that y » Xβ.
Ordinary least squares:

β̂ “ arg min
β

}y´ Xβ}2
2 ðñ β̂ “ pXJXq´1XJy,

Problems that can happen:
§ XJX may be ill conditioned (κ “ largest singular value

smallest singular value " )
§ p ą n leads to infinite number of solutions for OLS.

1Tikhonov (1943); Hoerl and Kennard (1970)
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§ XJX may be ill conditioned (κ “ largest singular value

smallest singular value " )
§ Shift spectrum byλ using XJX` λId.

§ p ą n leads to infinite number of solutions for OLS.
§ Add penalty to recover unicity.

Ridge estimator

β̂ridge “ arg min
β

}y´ Xβ}2
2`λ}β}

2
2 ðñ β̂ridge “ pXJX`λIdq´1XJy.

1Tikhonov (1943); Hoerl and Kennard (1970)



3Ridge regularization
Some generalities

§ Coefficients with smaller `2 norm,
§ Handles the multicolinearity issue,
§ Don’t apply only to linear models, in general:

arg min
w

f pwq ` λ}w}2
2 .



3Ridge regularization
Some generalities

§ Coefficients with smaller `2 norm,
§ Handles the multicolinearity issue,
§ Don’t apply only to linear models, in general:

arg min
w

f pwq ` λ}w}2
2 .

Some cons (because there must be some)
§ Alone won’t give sparse solutions, . . .
§ BUT can be combined with a LASSO 2 which gives the Elastic-Net 3:

arg min
β

}y´ Xβ}2
2 ` λ1}β}1 ` λ2}β}

2
2 .

§ Introduce an hyperparameter that needs tuning.
2Tibshirani (1996)
3Zou and Hastie (2005)



4Different penalties
And different shapes

Source: https://towardsdatascience.com/

https://towardsdatascience.com/
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ÿ
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Solution is given by : β̂λ “ pXJX`λIdq´1XJy
Problem : λ is a tuning parameterùñ computing many β̂λ

Use ONE SVD (X “ UDVJ) to compute many estimations

β̂λ “ pXJX`λIdq´1XJy “ VpDJD`λIdq´1DJUJy “
rgpXq
ÿ

j“1
vj

dj

d2
j ` λ

xuj|yy

Use ONE SVD (X “ UDVJ) to compute many predictions

ŷλ “ Xβ̂λ “ UDpDJD`λIdq´1DJUJy “
rgpXq
ÿ

j“1
uj

d2
j

d2
j ` λ

xuj|yy
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Let us denote :
§ β̂

p´iq
λ the estimated coefficients without using the pair pxi, yiq.

§ Rλ “ XpXJX` λIdq´1XJ the Ridge operator matrix
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ÿ

i“1
pyi ´ xJi β̂

p´iq
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ÿ
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LOO CV

Let us denote :
§ β̂

p´iq
λ the estimated coefficients without using the pair pxi, yiq.

§ Rλ “ XpXJX` λIdq´1XJ the Ridge operator matrix

Easy computation for LOO-CV

LOOλ “
n
ÿ

i“1
pyi ´ xJi β̂

p´iq
λ q2 “

n
ÿ

i“1

pyi ´ xJi β̂λq2

p1´ Rλii q2 ,

Rλ “ XpXJX` λIdq´1XJ “ UDpDJD` λIdq´1DJU “ USpλqU.

with Spλq the diagonal shrinkage matrix with elements d2
j

d2
j `λ

.



7Ridge estimator
Bias and Variance

Suppose that the data arises from a linear model with i.i.d centered errors εi

yi “ xJi β ` εi, i “ 1, . . . , n

Then, the Ridge estimate β̂λ is a biased estimate of β.



7Ridge estimator
Bias and Variance

Suppose that the data arises from a linear model with i.i.d centered errors εi

yi “ xJi β ` εi, i “ 1, . . . , n

Then, the Ridge estimate β̂λ is a biased estimate of β.

Bias - Covariance matrix
If the xi are assumed fixed, n ą p and X has full column rank, we get :

Biaspβ̂λq “
p
ÿ

j“1
vj

λ

d2
j ` λ

xvj|βy,

Varpβ̂λq “ σ2
p
ÿ

j“1

d2
j

pd2
j ` λq

2 vjvJj with σ2 “ Varpεiq.

The smaller the jth singular value is, the bigger the shrinkage associated is.



8Ridge estimator
An example of LOO CV and bias

§ Isotropic data:
X „ N p0, Idq,

§ n “ 50, p “ 10

§ SNR “ 1

§ y “ Xβ˚ ` εwith
ε „ N p0, σ2Idq
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8Ridge estimator
An example of LOO CV and bias

§ Isotropic data:
X „ N p0, Idq,

§ n “ 50, p “ 10

§ SNR “ 2

§ y “ Xβ˚ ` εwith
ε „ N p0, σ2Idq
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8Ridge estimator
An example of LOO CV and bias

§ Isotropic data:
X „ N p0, Idq,

§ n “ 50, p “ 10

§ SNR “ 3

§ y “ Xβ˚ ` εwith
ε „ N p0, σ2Idq
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8Ridge estimator
An example of LOO CV and bias

§ Isotropic data:
X „ N p0, Idq,

§ n “ 50, p “ 10

§ SNR “ 5

§ y “ Xβ˚ ` εwith
ε „ N p0, σ2Idq
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8Ridge estimator
An example of LOO CV and bias

§ Isotropic data:
X „ N p0, Idq,

§ n “ 50, p “ 10

§ SNR “ 7

§ y “ Xβ˚ ` εwith
ε „ N p0, σ2Idq
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8Ridge estimator
An example of LOO CV and bias

§ Isotropic data:
X „ N p0, Idq,

§ n “ 50, p “ 10

§ SNR “ 10

§ y “ Xβ˚ ` εwith
ε „ N p0, σ2Idq
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9Kernel trick
When doing less is better

Reduce the complexity
If p ą n, pXJX` λIdq´1 P Rpˆp is costly. But we can actually only solve a
nˆ n system thanks to the relation (proof with SVD):

XJpXXJ ` λIdq´1y “ pXJX` λIdq´1XJy .

So we can write β̂ “ XJu with u P Rn. Denote K “ XXJ the Gram matrix,

ŷ “ Xβ̂ “ XXJu
“ KpK ` λIdq´1y

§ New ridge problem smaller to solve.
§ Opens the door for a lot more!
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10Kernel ridge regression
Non linear relation

Suppose yi “ ϕpXiq, then ϕ̂ “ arg min
ϕPH

}y´ ϕpXq}2
2 ` λ}ϕ}H .

Representer theorem4

Take H RKHS of kernel K of map Φ s.t. Kpx, yq “ xΦpxq,Φpyqy “ pΦpxqqpyq.
For f P H, f pxq “ xf ,Φpxqy. Then,

ϕ “
n
ÿ

i“1
αiKpxi, ‚q .

Denote K “ pKijqij “ pKpxi, xjqqij. The problem is now

α̂ “ arg min
α

}y´ Kα}2
2 ` λα

JKα.

§ first order conditions: ∇ “ pKK` λKqα̂´ Ky “ 0,
§ solution:

α̂ “ pK` λIdq´1y .

4Schölkopf et al. (2001)
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11Kernel ridge regression
Example with KeOps package

Gaussian kernel to estimateϕptq “ t` t cosp6tq on noised data (σ “ 0.8),

Kpx, yq “ exp
 

´γ}x´ y}2
2
(

, γ “
1

2 ¨ 0.22 .

4 2 0 2 4
x

10.0

7.5

5.0

2.5

0.0

2.5

5.0

7.5

10.0

(x
)

estimated function
sample



12Data augmentation5
With images

Example of a small dog from CIFAR10 dataset

5Chollet and Allaire (2018)
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13Data augmentation
And with cloud points?

2.0 1.5 1.0 0.5 0.0 0.5 1.0 1.5 2.0
X1

3

2

1

0

1

2
X 2

original data

§ Goal: Use the data we have to create new points,
§ But can’t flip it / make a small rotation, . . .



14Data augmentation
Perturbations on the cloud

One way to do so: create perturbated points from the data we have:

xij “ xi ` εij, εij „ N
ˆ

0,
λ

n
Id
˙

, i P rns, j P rms ,

with associated response yij “ yi .

2 1 0 1 2
X1

3

2

1

0

1

2

X 2

original data
augmented data Added points compensate each

other
ÿ

i

1
m
ÿ

j
xijxJij » pXXJ ` λIdq

OLS with Xaugmented »Ridge with X



15Dropout 6
Randomized drop

§ Randomly set units of a layer to 0 with probabilityφ to avoid overfitting,
§ Inflate surviving ones by 1{p1´ φq factor as compensation.

6Srivastava et al. (2014)
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Randomized drop

§ Randomly set units of a layer to 0 with probabilityφ to avoid overfitting,
§ Inflate surviving ones by 1{p1´ φq factor as compensation.

6Srivastava et al. (2014)



16Dropout
Linear regression and Ridge 7

Denoting pIijqij the dropout mask on X “ pxijqij then cost function is:

Lpβq “
1
2

n
ÿ

i“1

˜

yi ´

p
ÿ

j“1
xijIijβj

¸2

.

Note that ErIijs “ 0φ` 1
1´φ p1´ φq “ 1, thus:

E
„

BLpβq
Bβ



“ XXJβ ´ XJy`
φ

1´ φ
diagp}xj}

2q
p
j“1β ,

7Wager et al. (2013)



16Dropout
Linear regression and Ridge 7

Denoting pIijqij the dropout mask on X “ pxijqij then cost function is:

Lpβq “
1
2

n
ÿ

i“1

˜

yi ´

p
ÿ

j“1
xijIijβj

¸2

.

Note that ErIijs “ 0φ` 1
1´φ p1´ φq “ 1, thus:

E
„

BLpβq
Bβ



“ XXJβ ´ XJy`
φ

1´ φ
diagp}xj}

2q
p
j“1β ,

Link with ridge
Solving first order conditions:

β̂dropout “

ˆ

XJX`
φ

1´ φ
diagp}xj}

2q

˙´1

XJy .

Normalizing out data leads in average to the ridge estimator forλ “ φ
1´φ .

7Wager et al. (2013)



17Dropout
In practice with PyTorch

No hastle to implement a dropout layer in a Neural Network with PyTorch
with this inflation rate:

1 class MyModel(nn.Module):
2 def __init__(self, phi):
3 super(MyModel, self).__init__()
4 # all your great layers
5 self.drop = nn.Dropout(phi)
6

7 def forward(self, x):
8 # forward x until the desired layer
9 out = self.drop(current_x)

10 # forward out until the output layer
11 return out



18Dropout experiment

Withφ “ 0.5 (generally 0.3 ď φ ď 0.5) and 5 repetitions:

0 5 10 15 20 25 30

100

0

100

200

300

ridge
dropout

Coefficients of β for the ridge and dropout method with n “ 80, p “ 30 and
ridge penaltyλ “ φ{p1´ φq “ 1 are close.



19Double descent with (Nakkiran et al., 2020)
Over parametrization

Phenomenon observed in Deep Learning, Random Forests . . .



19Double descent with (Nakkiran et al., 2020)
Over parametrization

Phenomenon observed in Deep Learning, Random Forests . . .

§ interpolate the dataùñ `2 norm of β̂ is high,
§ smaller `2 norm for β̂ generalizes better and we keep zero training error.



20Double descent
Example with samples (Nakkiran et al., 2020) - 25 repetitions

§ Isotropic data: X „ N p0, Idq,

§ n “ 1000, p “ 200,
}β˚}2 “ 1

§ y “ Xβ˚ ` εwith
ε „ N p0, σ2Idq,

0.0 0.5 1.0 1.5 2.0 2.5
Num Samples Train / Num Features

10
2

10
1

10
0

10
1

10
2

10
3

M
S

E
 te

st
 lo

g-
sc

al
ed

Test Risk for OLS

OLS - SNR =1
OLS - SNR =2
OLS - SNR =3
OLS - SNR =5
OLS - SNR =7
OLS - SNR =10

Ordinary Least Square produces a double descent phenomenon when
training set has same size as the number of features.



21Double descent
Example with features (Nakkiran et al., 2020) - 25 repetitions

§ To generate data :
§ Isotropic data:

X „ N p0, Idq,
§ n “ p “ 100, }β˚}2 “ 1
§ y “ Xβ˚ ` εwith
ε „ N p0, σ2Idq,

§ To learn model :
§ if p ď n, use X from data ;
§ if p ą n, merge columns to

X from random
distribution. 0 1 2 3 4 5

Num Features / Num Samples Train

10
0

10
1

10
2

10
3

M
S

E
 te

st
 lo

g-
sc

al
ed

Test Risk for OLS

OLS - SNR =1
OLS - SNR =2
OLS - SNR =3
OLS - SNR =5
OLS - SNR =7
OLS - SNR =10

Ordinary Least Square produces a double descent phenomenon when the
number of features is the same as the number of samples.



22Double descent
With samples (Nakkiran et al., 2020) - 25 repetitions

In some cases ridge regularization can help get a monotonous error curve.

§ Isotropic data: X „ N p0, Idq,

§ n “ 1000, p “ 200,
}β˚}2 “ 1

§ y “ Xβ˚ ` εwith
ε „ N p0, σ2Idq,

§ λopt “ σ2p
0.0 0.5 1.0 1.5 2.0 2.5

Num Samples Train / Num Features

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

M
S

E
 te

st

Test Risk for 2 Regularized Regression

1.0e-06 ridgeopt
1.0e-03 ridgeopt
1.0e-02 ridgeopt
1.0e-01 ridgeopt
1.0e+00 ridgeopt



22Double descent
With samples (Nakkiran et al., 2020) - 25 repetitions

In some cases ridge regularization can help get a monotonous error curve.

§ Isotropic data: X „ N p0, Idq,

§ n “ 1000, p “ 200,
}β˚}2 “ 1

§ y “ Xβ˚ ` εwith
ε „ N p0, σ2Idq,

§ λopt “ σ2p
0.0 0.5 1.0 1.5 2.0 2.5

Num Samples Train / Num Features

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

M
S

E
 te

st

Test Risk for 2 Regularized Regression

1.0e-06 ridgeopt
1.0e-03 ridgeopt
1.0e-02 ridgeopt
1.0e-01 ridgeopt
1.0e+00 ridgeopt

We can achieve monotonic test error decrease with ridge regularization
varying p or n for the linear models with isotropic covariates.



23Double descent
With samples (Nakkiran et al., 2020) - 25 repetitions

In some cases ridge regularization can help get a monotonous error curve.

§ Isotropic data: X „ N p0, Idq,

§ n “ 1000, p “ 200,
}β˚}2 “ 1

§ y “ Xβ˚ ` εwith
ε „ N p0, σ2Idq,

§ λopt “ σ2p
0.0 0.5 1.0 1.5 2.0 2.5

Num Samples Train / Num Features

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

M
S

E
 te

st

Test Risk for 2 Regularized Regression

1.0e-06 ridgeopt
1.0e-03 ridgeopt
1.0e-02 ridgeopt
1.0e-01 ridgeopt
1.0e+00 ridgeopt
1.0e+01 ridgeopt
1.0e+02 ridgeopt
1.0e+03 ridgeopt
1.0e+06 ridgeopt

This property remains true ifλ ě λopt varying n for the linear models with
isotropic covariates.



24Rank selection for matrix problem

Suppose X P Rmˆn. Then we get the rank selection for matrix problem :

min
M
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Suppose X P Rmˆn. Then we get the rank selection for matrix problem :

min
M
}X´M}2

F s. t. rankpMq ď q.

§ Solution: set all the singular values of D to zero, except the q largest.
§ Problem: the rank constraint makes this problem non-convex

Convex relaxation 8- LASSO version of rank selection matrix

rM “ arg min
M

}X´M}2
F ` λ}M}˚

with }M}˚ denoting the nuclear norm - sum of singular values.

§ Solution: soft-tresholding the singular values: maxpdi ´ λ,0q

8Fazel (2002)
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Let X P Rmˆn, A P Rmˆq and B P Rnˆq. We get the double ridge problem :

rA,rB “ arg min
A,B

}X´ ABJ}2
F ` λ}A}2
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Let X P Rmˆn, A P Rmˆq and B P Rnˆq. We get the double ridge problem :

rA,rB “ arg min
A,B

}X´ ABJ}2
F ` λ}A}2

F ` λ}B}2
F

§ This is a `2 bi-convex problem.
§ The solution is the same as the `1 convex relation problem: rArBJ “ rM

Interest of this property - when SVD fail
If X is massive and sparse, usefull to compute a low-rank matrix
approximation by alternating ridge regression.
Given A, we get B by:

BJ “
ˆ

AJA`
λ

2
Idq

˙´1

AJX

9Srebro et al. (2005)



26Conclusion

The Ridge regularization is linked to several modern techniques, sometimes
hidden behind them.

§ LASSO methods are powerful, but SO ARE RIDGE’S,
§ it is easy to implement,
§ has computational speed-ups from theoretical results.

One or the other?
The best of both worlds can be used with Elastic-Net regularization.

https://github.com/tanglef/ml_mtp

https://github.com/tanglef/ml_mtp
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